We study the local deformation theory of surfaces fibered over nonsingular curves, giving upper bounds for their number of moduli. By applying these estimates we obtain bounds for the genus of nonsingular curves with general moduli moving in a non-trivial linear system on a non-ruled minimal surface. Under certain assumptions on the linear system, we find the upper bound g ≤ 19. Other related results are proved.
Introduction

Consider the following:
Proposition 0.1 If g ≥ 22, then a general curve of genus g does not occur in any non-trivial linear system on any non-ruled surface.
Its well known proof (see the Introduction to [14] ) is a straightforward consequence of the fact that M g , the course moduli space of stable curves of genus g, is not uniruled. In fact M g has Kodaira dimension ≥ 2 if g = 23 ([12] ), and is of general type for all other values of g ≥ 22 ([14] , [11] , [13] ). Since we don't yet know all the values of g for which M g is not uniruled, it is of some interest to look for a proof of Proposition 0.1, and for a generalization of it to other values of g, which does not make use of any information about the Kodaira dimension of M g . The present work is a step in this direction.
The first most natural attempt to obtain a general curve of a given genus g occurring in a non-trivial linear system on a surface, would be to look for a surface Y containing a linear system Λ of curves of genus g such that the family of curves parametrized by Λ defines a dominant rational map to M g . The existence of such a configuration would imply the unirationality of M g , and not only its uniruledness. This point of view goes back to Severi and B. Segre, who studied rational and unirational families of plane curves of given geometric genus and having general moduli (see [4] , [6] and references therein). Here we are interested in something weaker, since we want to allow the surface Y to vary in a family carrying along the linear system.
More precisely, to say that "a general curve of genus g occurs in a nontrivial linear system on some surface", means that we can find a family of pairs (C t , Y t ), where t varies in some irreducible parameter variety M, and where C t is a nonsingular projective connected curve of genus g, Y t is a nonsingular projective surface, so that
[C t ] spans an open subset of M g as t varies in M.
To a general linear pencil contained in any of the linear systems |C t | one associates a fibration f : X → IP 1 in curves of genus g, so that, conversely, the question of existence of the family (C t , Y t ) translates into a question about deformations of a fibration f . By pursuing this point of view we are able to prove some results analogous to 0.1, which, although far for being general, suggest that a generalization of 0.1 with 22 replaced by 20 could be true (see precise statements below). Given a fibration f , we study its local deformation theory in the sense of Horikawa. We do it more generally when the base is a nonsingular connected curve S, not necessarily IP 1 , and we obtain some estimates on the number of moduli of f . This study is carried out under the assumption that all singular fibres of f are reduced, which is needed in order to keep control on some numerical characters of the fibration.
In the case S = IP 1 (a rational fibration) we introduce the notion of free rational fibration, and we prove that those rational fibrations which can be deformed to contain a general curve of genus g as a fibre, are free (Theorem 2.5). This notion is analogous to the one of "free rational curve" in a nonsingular variety M [3] ; in fact, if it is semistable then a free fibration defines a free rational curve in the moduli stack M g of stable curves of genus g. All the above leads to necessary numerical conditions for a surface Y to carry a linear pencil whose general element is a nonsingular curve of genus g, and defining a free fibration, under the assumption that all the singular fibres of the pencil are reduced (Theorem 3.2). The most notable of such estimates is the following one:
where C is a curve of the pencil. Note that the left hand side equals −χ(T Y ), and therefore it coincides with µ(
Therefore, in such a case, we get an explicit lower bound on µ(Y ) as a necessary condition for the surface to carry a general nonsingular curve of genus g moving in a non-trivial linear system. Using these inequalities we are able to give upper bounds on the genus of a nonsingular curve with general moduli varying in a non-trivial linear system on some non-ruled surface Y , always assuming that the rational fibration obtained from the case at hand contains only reduced singular fibres. The following preliminary results cover all the cases of curves on surfaces of low Kodaira dimension:
Then every linear pencil of nodal curves whose normalization has general moduli consists of curves of degree ≤ 8 and geometric genus ≤ 9 (Theorem 4.1). This result is essentially classical and does not need the deformation theory of fibrations for its proof. 
As a notable special case we obtain (Corollary 6. We do not claim that these statements are sharp, and we expect that some of them can be improved. In the recent paper [9] the authors construct a remarkable example in the case g = 15 which turns out to be borderline in one of the cases of Theorem 0.2; so at least in this case our result is sharp. Our analysis does not cover linear systems of curves with arbitrary singularities, nor linear pencils having some non-reduced fibres.
The paper is divided into six sections. Section 1 contains generalities about fibrations. Section 2 is devoted to the deformation theory of fibrations, and Section 3 applies this analysis to the fibrations deduced from linear pencils of curves on surfaces, obtaining the key inequalities needed. In Section 4 we discuss curves on rational surfaces, and in Sections 5 we consider curves on surfaces of low Kodaira dimension. In Section 6 we consider the main case of curves on minimal surfaces of general type.
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Fibrations
We work over an algebraically closed field k of characteristic 0. We will refer to [15] for all notions and terminology not explicitly introduced.
If
is a morphism of algebraic schemes, and u ∈ U, we denote by W (u) the scheme-theoretic fibre of ϕ over u. A (−1)-curve (resp. a (−2)-curve) on a projective nonsingular surface Z is a nonsingular connected rational curve with self-intersection −1 (resp. −2). We will denote by K Z a canonical divisor on Z. By a minimal surface we will mean a projective nonsingular connected surface without (−1)-curves.
By a fibration we mean a surjective morphism
with connected fibres from a projective nonsingular surface to a projective nonsingular connected curve. We will denote by g = the genus of the general fibre. We will always assume g ≥ 2.
b = the genus of S.
A fibration is called:
-relatively minimal if there are no (−1)-curves contained in any of its fibres.
-semistable if it is relatively minimal and every fibre has at most nodes as singularities.
-isotrivial if all its nonsingular fibres are mutually isomorphic; equivalently, if two general nonsingular fibres of f are mutually isomorphic (the equivalence of the two formulations follows from the separatedness of M g ).
Sheaves of differentials will be denoted with the symbol Ω and dualizing sheaves with the symbol ω. Let f : X → S be any fibration. Since both X and S are nonsingular we have:
Moreover f is a relative complete intersection morphism and it follows that
(see [16] , Corollary (24)). We have an exact sequence
(which is exact on the left because the first homomorphism is injective on a dense open set and f * ω S is locally free). If we dualize the sequence (2) we obtain the exact sequence:
where we have denoted
and
The sequence (3) shows, in particular, that N is the normal sheaf of f , and also the first relative cotangent sheaf T 1 X/S of f (see [22] ). In particular, N is supported on the set of singular points of the fibres of f .
Moreover, as remarked in [23] , p. 408, T X/S is an invertible sheaf because it is a second syzygy of the O X -module N. 
Proof. Since all singular fibres of f are reduced, the locus where f is not smooth is finite, and therefore Ω 1 X/S and ω X/S are isomorphic in codimension one. We thus have c 1 (Ω 1 X/S ) = c 1 (ω X/S ) and the conclusion follows because T X/S is invertible. are not isomorphic. Precisely we have:
where {ν i E i } is the set of all components of the singular fibres of f , and where ν i denote their corresponding multiplicities. This formula is due to Serrano ([23] , Lemma 1.1).
Proposition 1.3 If f is any fibration we have:
If f has reduced singular fibres then
Proof. By Riemann-Roch:
The last formula is a consequence of Lemma 1.1.
2
The following is a classical result of Arakelov in the semistable case, and it is due to Serrano in the general case (recall that we are assuming g ≥ 2):
If moreover f is relatively minimal then we also have:
Proof. f is non-isotrivial if and only if f * T X = 0 ( [24] , Lemma 3.2). Since
we also have f * T X/S = 0 if f is non-isotrivial. Thus (6) is a consequence of the Leray spectral sequence. For (7) see [1] or [25] in the semistable case, and [23] , Corollary 3.6, in the general case. 
Lemma 1.5 For any fibration f : X → S there is an isomorphism
so that in particular the first sheaf is locally free of rank 3g − 3. Moreover there is an exact sequence of sheaves on S:
Proof. (8) is just relative duality for the fibration f ( [16] , Corollary (24)), because Ω X/S is S-flat.
(9) is the sequence associated to the local-to-global spectral sequence for Ext f .
2
Proposition 1.6 If the fibration f is non-isotrivial and with reduced singular fibres, then we have:
Proof. Since the singular fibres of f are reduced, N is supported at finitely many points and we have
Moreover, since f is non-isotrivial, from (6) and the Leray spectral sequence we get
We now use the exact sequence (9) and we deduce that
Using Riemann-Roch one computes that:
and by substitution one gets (10) . 2 Assume that the fibration f is semistable. In this case N is a torsion sheaf supported on the set of double points of the fibres of f , and having stalk k at each of them. In particular we have
the total number of double points of the fibres of f . Moreover Ω 1 X/S and ω X/S are related by the exact sequence ( [14] , p. 49):
We will denote by M g (respectively M g ) the moduli stack of nonsingular projective curves (respectively stable curves) of genus g. To the semistable fibration f there is associated a flat family of stable curves
where X ′ is the surface obtained from X after contracting all the (−2)-curves in the fibres. Therefore we can associate to f ′ , hence to f , a modular morphism
We know ( [14] , p. 149) that:
From (8) it follows that:
If the fibration f is semistable then we have:
Proof. Identity (14) is a combination of (13) and of Proposition 1.6. The Riemann-Roch theorem for the vector bundle ψ *
Comparing with the expression (14) we obtain (15) . 2 
Deformations of fibrations
In this section we will analyze the deformation-theoretic information carried by a fibration f : X → S. We have a homomorphism:
arising as the coboundary in the long exact sequence of f * Hom(−, O X ) of the exact sequence (2). Lemma 2.1 For general p ∈ S the homomorphism κ f induces a map:
which coincides with the Kodaira-Spencer map of the family f at p. f is non-isotrivial if and only if κ f is injective.
of the natural restriction of κ with the base change map τ
) is the vector space of first order deformations of X(p) and κ f (p) is the Kodaira-Spencer map of f at p essentially by definition (see [22] , Remark 2.4.4).
The exact sequence (2) induces an exact sequence on S:
We have f * T X = 0 if and only if f is non-isotrivial, by Lemma 3.2 of [24] , and this proves the last assertion. 2
Lemma 2.2 Let f : X → S be a fibration, and let Def f be the functor of Artin rings of deformations of f leaving the target fixed (see [22]). Then there is a natural isomorphism
and both spaces are naturally identified with the tangent space of Def f . Moreover
Proof. There is an exact sequence:
Since f * T X/S = 0 we see that µ is an isomorphism. First order deformations of f are in 1-1 correspondence with isomorphism classes of extensions
-algebras. In [22] , p. 104, it is proved that if we only assume that ζ is an extension of O S -algebras then it has already a structure of deformation by sending ǫ → j(1). There is a natural 1-1 correspondence between isomorphism classes of extensions ζ as above and Ext
cit., Theorem 1.1.10). By comparing the cohomology sequence of (9) with the exact sequence (d) of Lemma 3.4.7 in loc. cit., we see that
is an obstruction space for Def f .
We now consider the case S = IP 1 , i.e. a fibration
It will be called a rational fibration. We have:
for some integers a i . We call f free (resp. very free) if it is non-isotrivial and a i ≥ 0 for all i (resp. if it is non-isotrivial and a i ≥ 1 for all i).
Next proposition gives necessary numerical conditions for a rational fibration to be free.
Proposition 2.3 Suppose that f : X → IP
1 is a rational fibration with reduced singular fibres. If f is free then we have:
If f is very free then:
Proof. Since f is non-isotrivial the homomorphism
induced by the exact sequence (2) is injective, by Lemma 2.1. It follows that
with a i ≥ 2 for some i. We thus have
if f is free and From the definition it follows that if the fibres of f have general moduli then, up to taking a general deformation of f , we may assume that a general fibre C of f is a general curve of genus g. In particular we may assume for example that C is a Petri-general curve, or that it has maximal Clifford index. Definition 2.4 is related with the notion of free rational fibration. Proof. By assumption there is a family of deformations of f as in Definition 2.4. We have an exact sequence of sheaves on X :
Taking F * Hom(−, O X ) we obtain a coboundary homomorphism of sheaves on (18) is the Kodaira-Spencer map of F at (p, v), and by hypothesis this is surjective.
Restricting to IP 1 × {v} we obtain:
and a base change homomorphism:
which is an isomorphism on an open set because dim[Ext
Therefore we obtain a homomorphism of locally free sheaves on IP 1 :
Combining with (18) and using the fact that τ If we assume that all singular elements of a general linear pencil in |C| are nodal, then a general linear pencil contained in |C| defines a fibration which becomes semistable after contracting the (−1)-curves contained in the fibres. If we make the weaker assumption that a general linear pencil in |C| contains only reduced curves, then a general linear pencil in |C| defines a fibration with reduced fibres. Proof. Let f : X → IP 1 be the fibration defined by the pencil Λ. Assume that f is isotrivial. Then, by the structure theorem for isotrivial fibrations [24] , X is birational to a quotient (C × B)/G, where B is a nonsingular curve and G is a finite group acting on both C and B. But since C is a general curve of genus g, it has no non-trivial automorphisms: this implies that G acts trivially on C and it follows that X is birational to C × IP 1 . We have a contradiction because Y is not ruled, and therefore f is non-isotrivial.
By hypothesis there is a pointed nonsingular algebraic scheme (V, v) and a commutative diagram as follows:
such that the left square is a smooth family of deformations of C having surjective Kodaira-Spencer map at every point; β is a smooth family of projective surfaces and the upper right inclusion restricts over v to the inclusion C ⊂ Y ; moreover |C(w)| is a non-trivial linear system on the surface Y(w) for all closed points w ∈ V . Let L = O Y (C). After possibly performing an etale base change, we can find a trivial free subsheaf of rank two
whose restriction over v is the rational map defined by the pencil Λ. Let Z ⊂ Y be the scheme of indeterminacy of ψ and let θ : X → Y be the blow-up with center Z. Composing with θ we obtain from (20) a family of deformations of f :
By construction this diagram implies that the fibres of f have general moduli, and the corollary follows from Theorem 2.5. 2 We have the following remark concerning non-rational ruled surfaces. 
Proposition 2.7 Assume that a general projective nonsingular connected curve C of genus g ≥ 3 can be embedded in a projective nonsingular nonrational birationally ruled surface Y . Then Y is birationally equivalent to
where the last morphism is the projection, is non-constant. Since C is a general curve, it does not possess irrational involutions, thus h must be an isomorphism. The last assertion of the Proposition follows from the fact that any general member D of the pencil is again a general curve of genus g and therefore D ∼ = Γ ∼ = C. 2
Rational fibrations defined by linear pencils
In this section we will consider a pencil in a linear system |C| on a surface Y and we will rephrase the numerical conditions given in §2 in terms of invariants of Y and of the linear system |C|. 
the fibration defined by a general pencil contained in |C|, and assume that it is non-isotrivial. Then we have an inclusion
be the family of curves in Y parametrized by the linear system |C| ∼ = IP r . We have an exact sequence:
Taking F * Hom(−, O X ) we obtain an exact sequence:
Denote by ζ : IP 1 → IP r the line corresponding to the pencil defining f . Restriction to the line ζ induces the following commutative diagram:
Since f is non-isotrivial, f * T X = 0 by Lemma 3.2 of [24] , and both vertical maps are isomorphisms at a general point p ∈ IP 1 . This implies that ζ * T IP r is a subsheaf of Ext
. It follows that, up to order, we have 
(ii) If f is very free then
Assume that f is free. From Proposition 1.6 we derive in this case:
From Lemma 3.1 we have:
Putting (25) and (26) together we obtain (21) . Applying the Riemann-Roch theorem we have:
and therefore: 
and condition (21) is equivalent to:
, comparing with (15) we obtain (27). The equivalence between (21) and (28) is obvious.
So far we have considered, on a surface Y , linear pencils whose general member is a nonsingular curve. It is not difficult to obtain an estimate analogous to (22) which applies to linear pencils whose general member is an irreducible nodal curve. (
Let f : X → IP 1 be the rational fibration associated to the proper transform of Λ on the surface Z obtained from Y after blowing-up p 1 , . . . , p δ .
If f is a free fibration with reduced singular fibres then
Proof. Assume for simplicity that C is a general element of Λ, and let C ⊂ Z be the proper transform of C. ThenC has genus γ := g − δ, and C 2 ≤ C 2 − 4δ. Moreover assumption (ii) implies that h 0 (ω Z (−C)) = 0. By applying (22) to the proper transform of Λ on Z we obtain:
the expected number of moduli of the surface Y (see [22] ). Inequalities (21),...,(24) of Theorem 3.2 say that µ(Y ) must be sufficiently high with respect to g in order for Y to contain pencils of curves of genus g defining free or very free semistable fibrations.
(ii) In [9] it is shown that a general curve C of genus 15 can be embedded as a non-degenerate nonsingular curve in IP 6 , lying in a nonsingular canonical surface Y ⊂ IP 6 complete intersection of 4 quadrics, and that dim(|C|) = 2 on Y . Therefore, by Theorem 2.5, a general pencil in |C| defines a free rational fibration. The relevant numbers are in this case:
We find:
− d as it must be, because of the existence of a free rational fibration of genus 15. But 48 < 89 = 7(g − 1) − d
which shows that such a fibration is not very free.
Curves on rational surfaces
In this section we consider linear pencil of nodal curves on a minimal rational surface. We start from the case of IP 2 .
Theorem 4.1 Let C ⊂ IP 2 be an irreducible curve of degree n having δ nodes p 1 , . . . , p δ and no other singularities. Let
be the geometric genus of C. Assume that:
(i) There exists a linear pencil of curves of degree n singular at p 1 , . . . , p δ .
Then n ≤ 8 and γ ≤ 9.
The same conclusion holds if we replace (ii) by the assumption that the normalizationC of C is a general curve of genus γ.
Proof. (i) implies that onC there is an effective divisor of degree n 2 − 4δ. On the other hand (ii) implies that 3n ≥ n 2 − 3n + 2 − 2δ + 6 equivalently: 2δ ≥ n 2 − 6n + 8
which implies n ≤ 10. An elementary well known case by case analysis shows that there are no nodal irreducible curves of degree 9 or 10 satisfying both (i) and (ii), and that in degree n = 8 the highest genus of a nodal curve satisfying (i) and (ii) is γ = 9, corresponding to δ = 12 (see [6] for details).
IfC is a general curve of genus γ then the g 
, n ≥ 0, n = 1, be a minimal rational ruled surface. Denote by F ⊂ F n a fibre of the projection F n → IP 1 , and by E ⊂ F n a curve of self-intersection E 2 = n such that EF = 1. Then for every irreducible nonsingular curve C ⊂ F n we have C ∼ αE + βF for some α, β ≥ 0. (ii) The normalizationC of C is a general curve of genus γ.
Then γ ≤ 14.
Proof. The assumptions imply that a general member of Λ is a nodal curve. A general member of |C| is irreducible and nonsingular of genus
Moreover we have:
Let ϕ :C → C ⊂ F n be the composition of the normalization of C with the inclusion. The existence of Λ implies that
On the other hand, using Corollary 2.6 we see that the hypotheses of Proposition 3.4 are satisfied. In this case it can be easily computed that inequality (29) takes the following form:
Putting (30) and (31) together we obtain:
which is equivalent to:
This inequality implies that:
In case n = 0 assume for simplicity that α ≤ 8. Since the compositioñ 
Curves on surfaces of small Kodaira dimension
In this section we will prove some results showing that the existence of a curve with general moduli which moves in a non-trivial linear system on a minimal surface Y such that K 2 Y = 0 or having small geometric genus, imposes strong restrictions on the genus of the curve. Our analysis will cover all cases of surfaces with Kodaira dimension 0 or 1.
The following is a simple consequence of Proposition 3.4. (ii) The normalizationC of C is a general nonsingular curve of genus γ.
Proof. C has arithmetic genus g = γ + δ. Since p g ≤ 1, we have h 0 (ω Y (−C)) = 0. Moreover, by Corollary 2.6 applied toC ⊂ Z , where Z is the blow-up of Y at p 1 , . . . , p δ , we may assume that the proper transform of Λ defines a free fibration. Therefore Proposition 3.4 applies. Since Y is not ruled, we have K 2 Y ≥ 0; moreover ω ⊗n Y is globally generated for some n ≫ 0 and therefore C 2 ≤ 2g − 2. From (29) we get:
and we obtain the stated inequalities. 2
Remarks 5.2 The bound g ≤ 11 for the genus of a nonsingular curve with general moduli on a K3-surface is well known. The same bound, based on a heuristic count, was given by A. Mayer in [18] . In [19] and [20] the prediction has been confirmed to be true for all g ≤ 9 and g = 11, and false for g = 10:
in other words, a general nonsingular curve of genus g ≤ 11 can be embedded in a K3 surface if and only if g = 10.
Note that, for a linear pencil generically consisting of nonsingular curves of genus g defining a semistable fibration on a K3 surface we have, by (27):
This means that ψ * f K Mg is non-negative when g ≥ 23. Similarly we obtain:
for a linear pencil generically consisting of nonsingular curves of genus g defining a semistable fibration on an Enriques surface.
In the case of an abelian surface Y , the bound γ ≤ 6 of Theorem 5.1 is not sharp. In fact an irreducible curve on such a surface can have general moduli only if it has geometric genus γ ≤ 2, because otherwise its jacobian is isogeneous to a product and this cannot occur to the jacobian of a general curve.
We now consider the case of minimal elliptic surfaces. -C has general moduli.
Then g ≤ 16.
Proof. From the hypothesis it follows that K 
so that g ≤ 16. Therefore we may assume that p g ≥ 3.
Let F be a general fibre of π. We have C · F =: k ≥ 1. If k = 1 then π |C : C → B is an isomorphism, and it follows that every linear pencil Λ containing C is isotrivial. Since C is general, it follows that Y is ruled (as in the proof of Corollary 2.6), which is a contradiction.
Therefore k ≥ 2. If B has genus g(B) ≥ 1 then π |C : C → B is an irrational involution on C, and this contradicts the fact that C has general moduli. Therefore B ∼ = IP 1 , and π defines a g
we have m ≥ 2, and it follows that -C has general moduli.
(
Proof. By Corollary 2.6, a general linear pencil contained in |C| and containing C as a member defines a free fibration f : X → IP 1 . By Proposition 5.1 we may assume that Y has geometric genus p g ≥ 2. Let K be a canonical divisor on Y , and
Assume first that dim(|C|) ≥ 2. By the previous inequality
If |K − C| = ∅ then 2C < K + C, so that O C (2C) is special, and this is impossible because C has general moduli (for this classical fact see [5] , p. 22, and references therein). Therefore |K − C| = ∅. It follows that
where p g = h 0 (ω Y ). Inequalities (33) and (34) imply that L contributes to the Clifford index of C. Since C has general moduli, recalling that
we have the following relations satisfied by the Clifford indices:
The equality is well known: it follows from the main result of [10] and from Brill-Noether theory. The first inequality follows from the very definition of Cliff(C), and the last is by (34). Let's prove (i). Since f is free we can apply Theorem 3.2. Substitution of the inequality K 
and we obtain
which is equivalent to g ≤ 19.
Let's prove (ii). Substituting the inequality
which, as before, can be replaced by the weaker:
we can restate (36) as follows:
(by (35) which implies g ≤ 15.
We now prove (iii). dim(|C|) = 1 implies h 0 (ω C L −1 ) ≥ 1. We may assume that h 0 (ω C L −1 ) = 1 because otherwise we can proceed as in case (ii) and get g ≤ 15. This means
(the inequality is true by the assumption h 0 (K − C) = 0). Therefore we can now write (36) as: Proof. Y satisfies K 2 Y ≥ 3χ(O Y ) − 10 (Castelnuovo inequality, see [8] ). Then we are in case (i) of Theorem 6.1. The last assertion follows from case (ii) of the theorem. The proof of Theorem 6.1 seems to suggest that the bound g ≤ 19 could be violated by general curves of genus g moving in a non-trivial linear system on a minimal surface Y such that K 2 Y < 3χ(O Y ) − 10. We will show that, under certain technical assumptions, this is actually not possible. The point is that a surface of this type is a double cover of a ruled surface and from this fact one can easily reduce to Theorems 4.1 and 4.2.
We collect in the following statement a few known facts that we will need. (ii) There is a commutative diagram:
where ϕ K is the canonical rational map, which is generically finite and of degree 2; b is a blow-up, π is a degree 2 finite map, R is a birationally ruled surface, not necessarily minimal, and Σ is a surface of degree strictly smaller than 2(p g − 1).
Proof. (i)
The inequality is an obvious consequence of the assumption.
(ii) The existence of diagram (38) follows from Th. 5.5 of [8] and from Proposition 3.2 of [21] . Then Y is regular (i.e. it has irregularity q = 0) and g ≤ 14.
Proof. π |C :C → π(C) is an isomorphism, because otherwise C would be hyperelliptic or π |C would define an irrational involution, and both possibilities contradict the fact thatC ∼ = C has general moduli. A general pencil contained in |C| induces a pencil of curves in R containing π(C), which in turn defines a pencil of curves in F containing m(π(C)) as a member.
Assume that Y is irregular. In this case R is a non-rational birationally ruled surface. From Proposition 2.7 it follows that any pencil of curves in R containing π(C) defines an isotrivial fibration. This implies that a general pencil in Z containingC defines an isotrivial fibration as well, contradicting Corollary 2.6. Therefore we have a contradiction, and it follows that Y is regular, and that R is rational.
Since m(π(C)) is a nodal curve of geometric genus g whose normalization is C, a general curve of genus g, we are in the hypothesis of either Theorem 4.1, if F = IP 2 , or of Theorem 4.2, if F = F n . We conclude that g ≤ 14. 2
